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La pente, déja verticale, se redressait encore.
The slope, already vertical, was still rising.

Georges Livanos (french alpinist)
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Mathematical formulae and facts

Definitions Series
f(n) = O(g(n))| iff 3 positive ¢, ng such i" _n(n+1 ifz _ n(n+1)(2n+1) iﬁ _ n*(n+1)*
that 0 < f(n) < cg(n) P 2 P 6 ’ ~ 4
N = = =
Vn 2 no. In general:
f(n) =Q(g(n))| iff I positive ¢, ng such
that f(n) > cg(n) >0 o “
Vn2n0~ i_11m=—m+] (n+1)m —1—
f(n) =0(g(n))| iff f(n) =0(g(n)) and .
f(n) = Q(g(n)) Z ((l + 1)m+1 _ l-m—H _ (m + 1)l-m)
f(n) = o(g(m) | iff lim f(n)/g(n) = 0. P
. . —1
lim,,ooa, =a :: Ve > 0, Ing such < m_ 1 Z m+1 Bknm_H_k
at = m+1 e\ k
la, —a| <€ Yn=>ng. = =
sup S least b € [R such that Gneometrzcl senes o 1 oo
b>s VYs€ES. =< - i<
' = Zc T ,c:ﬁLZc I—C’ZC T lc] <1,
infS greatest b € R such i=0 ) l=9|-1 i=l
< . nte ek > .
that b<s, Vs € S. Zic,=nc (n+gc +c’ ¢1,Zic’= c k<1
liminf,_ o ap, lim inf{a; | i = n, P! (c—=1) Py (1—=209)
n—oo
i e N} Harmonic series:
. : . 1 _ n(n+1 n(n —1
limsup _ _a, nll_’moosup{ai |i=n, H, = Z - Z iH; = %Hn — %
i e N} = =
n L o n n i n+1 1
(k) Combinations: Size k H — NH. — H = H o —
subsets of a size n set. ; i = (4D =, Z m ! m+1 n+ T m
[Z] Stirling numbers (1! Identities
kind): Arrangements of n
. n nl n n n
an n element set into k 1 = — 2 =2" 3. =
k (n—k)lk! — \ k k n—k
cycles. k=0
{Z} Stirling numbers (2" 4 (M) f 5. (M= (" f (" f
kind): Partitions of an n k k\ k—1 k k k—1
element set into k n
n m n n—k r+k r+n-+1
- 6. = 7. =
, ron-erpy st )= ez 2 ()=
(k) I*! order Eulerian . .
numbers: Permutations 8. kil _[n+] 9. Z r S _[rts
Ty ... T, ON o \ M m+1 k=0 k n—k n
{1,2,...,n} with k o [ " ke —1 L n g [ et
ascents. “\ x = (1) P 1= 1al= Aol = -
«Z» 2" order Eulerian 1 1
numbers. 13. m =k[”; ]+ [:—1J 14. [?l — (=115 ;l —(n=1IH,_,
C, Catalan Numbers:
Bi t ith 1 —1 —1
v;:r?zs rees with n + 16. [”] 117 |"| > H 18. [”l - (n—1)[” +|" l
. n k k k k—1
n n n . |n 1 2n n n
19. - - 20. =nl 21.C, = — 22. - -
[n—1] n—1l (2) k=0[k 1<n> <O> <n—1>
n n n n— f 0 1 ifk=0,
23. <k>= n—l—k> 24. <k>=(k+])< K >+(”—k)< 1>25'<k>=[ 0 otherwise
n . n " N n41 . 2 /n\ [ x+k
26.<1>=2 n 127.<2>_3 (n+1)2 +< ) )28.x—;<k>< i )
n = [ n41 n " /n k n 2 [n][n—k
29. = 1 — k)"(—1)* 30. m! = 31. = —1)nkTml
<m> ;( k >(m+ A " [m] k=o<k><”_m> <m> k=o[k] m =H
n\\ n\\ n\\ n—1 L n—1 . //n _ (2ny
32. <<o>_1 33. <<n>>_o, for n = 0 34. <<k>>_(/<+1)<< . >>+(2n 1 k)<<k_1>> 35.go<<k>>_ o
X
36.

-2 -2 () e




Mathematical formulae and facts

Identities Cont.

n+1 n|( k Dok n—k _ ”L k X _ ™ //n X + k
38. m+1 =§[k}<m)=k=0[m}n_n!kzzok![m} 39. [x—n}_k=20<<k>>< 2n >
o [1}=3 ()l w2 -sprlln)ers e -2
m-+n+1 n+k n n+1|| k Mk
43. - =Zok(n+k) ) 44. <m>=;[k+1} ml(—n
45.(n—m)!<;>=z Z:::: [r:](—])m_k, forn>m 46. [njm]=Z<Z;: r::::: m:—k
n m-—n m4+n\|{m+k n L+ m klln—k|[n
47.[n—m}=2<m+k><n+k>[ k ] 48.[2+m]< L >=§[Z}[ m }(k)
n L4+ m kl{ln—k]|[n
¥l m < ¢ >=;M m ](k)
Trees

Every tree with n vertices has n — 1 edges.

Kraft inequality:

If the depths of the leaves of a binary tree are d -+~ d,;: Z?=1 279 <1, and equality holds only if every internal node

has 2 sons.

Recurrences

Master method:
T(n) =aT(n/b) + f(n) a=>1b>1

If 3e > O such that
f(n) = O(n°%*7¢) then:
T(n) = ©(n°%*?)

If f(n) = ©(n'°%?) then
T(n) = ©(n%* log, n)

If 3e > 0 such that
f(n) = Q(n°%**), and ¢ < 1 such
that af (n/b) < cf(n) for large n, then:

T(n) = ©(f(n))

Substitution (example):
Consider the following recurrence:

T =2% T2 T, =2. Note that T, is
always a power of two.

Let f; = log, T;. Then we have:

by =242, t; =1

Let u, = t,/2". Dividing both sides of
i

the previous equation by we get:
fitt

2! t
o0 am Ty
Substituting we find:
Uy = 27" 4y, u = 27" which is
simply u, =i/2.
So we find that T; has the closed form
T = 9i2™"

Summing factors (example):

Consider the following recurrence:

T(n) =3T(n/2)+n, T(1) =1
Rewrite so that all terms involving T are
on the left side:

T(n) —3T(n/2) =n

Now expand the recurrence, and
choose a factor which makes the left
side “telescope”.

(T(n) = 3T(n/2) = n)
(T(n/2) = 3T(n/4) =n/2)

399"~ (T(2) — 3T(1) = 2)
Let m = log, n. Summing the left side
we get:
T(n)—3"T(1) =T(n) — 3™

= T(n) — n*
where k = Iog2 3 158496.
Summing the right side we get:

m—1

3

)

=2n(c°%" —1)

= 2n (C(k—I)Iogcn _ 1)

= 2n* — 2n and so
T(n) = 3n* — 2n.
Full history recurrences can often be
changed to limited history ones.

Example: i

Consider:T; =1+ Z Tj Ty =1
j=0

Note that:

Tu=T=1+>T=1=>T,
j=0 j=
=T
And so T, = 2T, = 2!

Generating functions:

I. Multiply both sides of the equation

by x'.

2. Sum both sides over all i for which
the equation is valid.

3. Choose a generating function
G(x). Usually G(x) = >~ x'g;.

4. Rewrite the equation in terms of
the generating function G(x).

5. Solve for G(x).

6. The coefficient of x' in G(x) is g,.

Example:

Let the equation:
Gipp =29, +1 go=0.
Multiply and sum:
Zgi+1xi = Z 2g,x' + in We
i>0 i>0 i>0
choose: G(x) = ingi.

i>0
Rewrite in terms of G(x):
G(x) — 9o i
T = ZG(X) + ZX

>0

Simplify:
G()

1
2G(x) + —
Solve for G(x):

) =Tt =29

Expand this using partial fractions:

G(X)=X<1—22x 1lx>
=x<222i i—in>
i>0 i>0
— Z(2i+1 _ 1)Xi+l

>0

Sog, =2"—1
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71%314159e~271828y~057721¢—T~16180

1+v/5

a

~ j—

$=—2~ —0,61803

i 2! Pi General Probability cont.
f 2 2 Normal (Gaussian) distribution:
i = i : 2702
2 Bernoulli NumbeIrs (B; ?,oddz = 1): p(x) = e—(—1)?/20% E[X] = u
3 BO =1, B1 = ——, B2 = -, To
2 6 . T
Continuous distributions: L
4 16 7 g —_t gt g __1 IfPr[a<X<b]=fap(x)dx,thenpisthe
5 32 11 47 30076 T 42 T8 T 30 probability density function of X.
6 64 3 5 _ 5 If Pr|;X < a] = P(a), then P is the distribution
10 = %¢ function of X. .
7 128 1 Change of base, quadratic formula: If P and p both exist then P(a) = f_oo p(x) dx.
3 256 19 Iog X —p4+\/b2— 4ac Expectation:
9 512 23 | 109X =13 og, b’ 2a If X is discrete E[g(X)] = > g(x) Pr[X =x].
If X continuous then
10 1024 29 Euler's number e:
- E[g(X)] = /=7 g(x)p(x) dx
1 2048 31 1+1_|_1_|_1_|_ 21 ™ g dP().
e= ~t+ -+ =+ -, x X
12 4096 37 26 24 = oo I
\n Variance, storndorrd deviation:
13 8192 A im (1 + —) = &, Var[X] = E[X 2] — E[X]?, o = \/Nar[X]
—00 n
14 16 384 43 " {\n { \n+ For events A and B:
15 32768 47 (1+;) <e< <1+;) ; Pr[AV B] = Pr[A] + Pr[B] — P[A & B]
16 65536 53 (1 + l)“ Ce_ = + fle iff A and B are independent:
- 2
7| 131072 | 59 " 2n, " 24n PIA & B]=PilA] Pr5]
r
18| 262144 61 O<n—3> Pr{A|B] = %
19 524288 67 Harmonic numbers: For random variables X and Y:
20 1048576 71 . 3 11 25 137 49 363 76l if X and Y are independent:
21 2097152 73 2° 6 127 60’ 20’ 140° 280’ IE[X . Y] = [E[X] . [E[Y]
22| 4194304 |79 | 29 o H cinnad [E[X 4 Y] = E[X] + E[Y] E[cX] = c[E[X]
2520 7 n ’ Baves’ th .
23 8388 608 83 ayes' theorem:
Hy=Inn+y +0[ PI[A,|B PrLBIA I PriA ]
24| 16777216 | 89 n Y = r[A;|B] 23;1 PLA, TPBIA ]
25| 33554432 o7 Factorial, Stirling’s approximation: Inclusion-exclusion:
26 67108 864 101 1,2, 6, 24,120, 720, 5040, 40320,
27 | 134217728 | 103 | 362880, ... p ’ x| = S PITX
\n 1 |\ Xi| = > X1+
28 | 268435456 | 107 | nl = 27Tn<—> <1+@<—>> i=l l'j‘ P
e n
k41
29| 536870912 1109 Ackermann's function and inverse: Z(_D . Z . Pr [ /\ Xij]
30 | 1073741824 | 113 2/ i=1 k=2 <e<he =
a(i, ) =1 a(i—12 j=1 Moment inequalities:
31 | 2147 483 648 | 127 @.J) aEi—l,a()i,j—l)) ij>2 - [|X| >7([Z[X]] - 1
r = >,
32 1 4294967296 | 131 (i) = min{j | a(j, j) > i} A |
Pr[|X—rE[x1| 271-0] <=

Pascal’s Triangle

Probability

1
11
121
1331
14641
15101051
1615201561
172135352171
18285670562881
193684126126 843691
11045120 210252 21012045101

Binomial distribution:

PX = k] = <:>qu”“k
g=1-—p,
S N\ k n—k
E[X] = Zk<k>p g =np
k=1
Poisson distribution:

Pr[X = k] =

E[X]=2

Geometric distribution:

PILX = k] = pg“ ! g
[E[X] = kaq -1 =

The "coupon collector”: We are given a random
coupon each day, and there are n different types of
coupons. The distribution of coupons is uniform.

The expected number of days to pass before we to
collect all n typesisn=H

1—p,

T=

n-
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Trigonometry Matrices More Trig.
Multiplication: C
n
b C =A‘B, Ci,j =Zk=1 aiykbk,j. a
A ¢ Determinants: b
detA = O iff A is non-singular. A B
- z detA - B = detA - det B, ¢

Pythagorean theorem:

C? =A% + B2
Definitions:
. A B
sina = — cosa= —
C C
C C
csca=— seca= —
A B
sina A cosa B
tana= = — cota= = —
cosa B sina A
Area, radius of inscribed circle:
1 AB
—AB =
2 A+B+C
Identities: |
sinx = ——, cos X = —, = )
csC X secx cotx

2 2

x=1,1+tan2x=sec2x,

s
COS<——X),
2

— cos(mm — Xx),

sin“ x 4+ cos

14 cot? x = csc? X, sin X

sinx = sin(m — x), cosx

m
tan x = cot (— — x) ,
2
cotx = — cot(m — x),
X
cscx = cot 5 — cot x,

sin(x & y) = sinx cos y & cos x sin y,

cos(x £ y) = cosxcos y Fsinxsiny,

tanx £ tany
tan(x £ y) = ———————,
(x£y) 1 Ftanxtany
2 tan x
sin 2x = 2 sin x cos x, sin 2x = —
| 14 tan?4 x
cotxcoty F
cotix £ y) = —————,
(x£) cotx £ coty
€os 2x = cos? X — sin? X,
€os 2x = 2c052x—1,
1 —tan? x
cos2x=1—25in2x, Cos 2X = —
14 tan“ x
2 tan x cot? x — 1
tan 2x = 7 cot 2x = —(—,
1 —tan‘x 2 cotx

sin(x 4+ y)sin(x — y) = sin® x — sin? y,

2

cos(x + y) cos(x — y) = cos® x — sin? y.

Euler's equation:
e =cosx+isinx, e +1=0.

detA =23 T, sign(m)a; (-

2 X 2 and 3 x 3 determinant:

a b
d e

1]

Permanents:

permA =3 TT"_; a1

[i Z]:ad—bc
a b ¢

A=l|d e f =g[’: }]—h[
g h i

detA = aei + bfg + cdh — ceg — fha — ibd

Hyperbolic Functions

Definitions:
eX—e™X eX+e X
sinhx = cosh x=
2 2
eX—e™X 1
tanh x= cschx =
eX4e™X sinh x
1 1
sechx= cothx =
cosh x tanh x
Identities:

cosh? x — sinh? x = 1,
tanh? x + sech? x
coth? x — csch? x

=1

cosh(—x) = cosh x, tanh(—x) = —tanhx,

1, sinh(—x) = —ssinhx,

sinh(x + y) = sinh x cosh y + cosh xsinh y,
cosh(x + y) = cosh x cosh y + sinh xsinh y,

sinh 2x = 2 sinh x cosh x,
, cosh 2x = cosh? x + sinh? X,
cosh x + sinhx = €%, coshx — sinhx = e~ %,
(cosh x + sinh x)" = cosh nx+
sinhnx, n € Z,
. X
2 sinh? 5= coshx — 1,
X
2 cosh? 5= coshx + 1.
1 V2 V3
sin0=0,sinE = -, sin — = —,sinZ = — sin — = 1
6 2 4 2 3 2 2
s V3 T V2 T 1 T
cosO=1cos— = —,cos— = —,cos — = —, cos— =0
6 2 4 2 3 2 2
V3
tan0=1,tanZ = —,tanT—r =1, tan — = \/E,tanz = oo
6 3 4 3 2

Low of cosines:

c? = a2 -+ p%—,
2ab cos C.
Area:
1 1
A = —hc = —absinC
2 2
c2 sin Asin B
- 2sinC
Heron's formula:
A= /55, 5, 5,

s=%(a+b+c)

S

a=S—as,=s—b

S, =Ss—¢

More identities:
1 — cosx

5

.oX
sin —
2

X
COSs —
2

X
tan —
2

14 cosx’

1 4 cos x
V1 —cosx

14 cosx

X
cot —
2

sin x
sin x
1 — cosx’
. X — g—ix
sinx =

2iX_1

= —j——"
e21x 41
sinh ix

sinx = —
i

cos x = cosh ix,

tanh ix

tanx = -
i
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... in mathematics you don't understand things, you just get used to them.

— J. von Neumann
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Number Theory

Graph Theory

Geometry

The Chinese remainder theorem:

There exists a number C such that:
C=rn mod my

C=r, mod m,
if m; and m; are relatively prime for
i=j.
Euler's function:
$(x) is the number of positive
integers less than x relatively prime to
X.

If ]_[?=1 piei is the prime factorization
of x then

n e;—1

o) =TI_ pi' (pi—1)
Euler’s theorem:

If a and b are relatively prime then
1= a%®) mod b

Fermat's theorem:
1=aP"" mod p
The Euclidean algorithm:

if a > b are integers then
gcd(a, b) = gcd(a mod b, b)

If ]_[;;] pl-ei is the prime factorization

of x then
e,~+1

n i —1
S() = zd]x d =TI pp._1

Perfect Numbers:

x is an even perfect number iff
x=2""1(2" = 1) and 2" —11is
prime.

Wilson's theorem:

nis a prime iff (n —1)! = —1 mod n.

Mébius inversion:
1 if i =1
. 0 if i is not square-free
u(i) = (=1)"if i is the product of
ir distinct primes.

If G(a) = zd|a F(d) then
F(a) = 3, ()G (2)

Prime numbers:

Inlnn

pp=Inn+4+nlnlnn—n+4n

n
o(i7) N
n n 'n
m(n) =t (nm?2 " (nn)3

(In n)4

Inn

Definitions:

Loop An edge connecting a vertex to
itself.

Directed Each edge has a direction.

Simple Graph with no loops or multi-
edges.

Walk A sequence vy, ... €,V,.

Trail A walk with distinct edges.

Path A trail with distinct vertices.

Connected A graph where there exists a path

between any two vertices.

Component A maximal connected subgraph.

Tree A connected acyclic graph.

Free tree A tree with no root.

DAG Directed acyclic graph.

Eulerian Graph with a trail visiting each

edge exactly once.

Hamiltonian Graph with a cycle visiting each

vertex exactly once.

Cut A set of edges whose removal
increases the number of compo-
nents.

Cut-set A minimal cut.

Cut edge  Asize | cut.

k-Connected A graph connected with the re-
moval of any k — 1 vertices.

k-Tough VS C V.S = (0 we have k -
«(G=S)<ISl.

k-Regular A graph where all vertices have
degree k.

k-Factor A k-regular spanning subgraph.

Matching A set of edges, no two of which
are adjacent.

Clique A set of vertices, all of which are
adjacent.

Ind. set A set of vertices, none of which

are adjacent.

Vertex cover A set of vertices which cover all

edges.

Planar graph A graph which can be embeded

in the plane.

Plane graph An embedding of a planar

graph.
Planar graphs
2oy deg(v) = 2m
If Gis planar thenn —m+4 f = 2, so
f<2n—4 m<3n-—-6

<5
Notation:
E(G) Edge set
V(G) Vertex set
c(G) Number of components
G[S] Induced subgraph
deg(v) Degree of v
A(G) Maximum degree
5(G) Minimum degree
x(G) Chromatic number
Xxe(G)  Edge chromatic number
G* Complement graph
K, Complete graph

non, Complete bipartite graph
r(k,€¢)  Ramsey number

Any planar graph has a vertex with degree

Projective coordinates:

The triples (x, y, z), not all x, y
and z zero.

Ve =0 (x,y,2) = (cx, cy, c2).

Cartesian Projective
(x.¥) (x.y.1)

y=mx+b (m, —1b)
X =cC (1,0, =c)

Distance formula, L p and L,
metric:

\/(X1 —x0)> + (1 — y0)?.
]1//0,

[ba = xol? + Iyt = yol?
lim [|x; — xolP+

—00 1/p
P 1 — yol?]

Area of triangle (xq, o),
(. 1) and (xg. y5):

X=X N —Xo

X2 =™X0 Y2~ Xo
Angle formed by three points:

1
— abs
2

(x2,¥2)
)
(0,0)68 (x4 1)
¢
05 § = Oax) (x2.y2)
0,0,

Line through two points
(x0, ¥o) and (1, »1):

x y 1
Xo Yo 1|=0
x »n 1

Area of circle, volume of
sphere:

4
A=mr?V = E'n'r3
Area and volume of o
circumscribed cylinder to a
sphere:

3 3
Ac_yl = EAsph’ chl = Evsph
Archimedes

If | have seen farther than others, it is because | have stood on the shoulders

of giants.

— Issac Newton
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T Calculus
Wallis’ identity: Derivatives:
. 224466 d(cu) du dlu+v) du dv
1:3:3-5.5.7--- 1. =c— 2. — = — 4+ —
; ! _ dx dx dx dx = dx
Brounckers continued fraction expan- 2 d(uv) dv du d(u™) oy du
':_;Oi' . 2 “Tdx . dx ;i;v dx dv' dx Y dx
4 32 d(u/v) v( ;) - “(;) d(e) cu du
24 -2 5. = 5 6. —= =ce" —
2 . dx v adx adx
7 u i
o 7. _dgc ) = (Inc)c ? 8. d(cl? “) = l? . d(sc;n “) = cosu ?
Gregrory's series: X x x uax x x
T 1S IS B 10 d(cosu) du I d(tanu) 5 du
7= sts—7+5 C T = Tsinu C Ty S secu—
Newton's series: d(cot d d d
T 1 1-3 12. (cotu) —oslus 13 (secu) — tanu secu —
it T rss T ox o o o
e i d(cscu) du d(arcsin u) 1 du
Sharp's series: 14. = —cotu cscu— 15. = —
T 1 (1 1 1 1 dx dx dx 1— u2 dx
= ._._+__._+...)
6 V3 313 0 325 337 16 d(arccosu) =1 du 17 d(arctanu) 1 du
Euler's feries:1 1 1 1 : dx - T 2 dx : dx T 14 u? dx
?=1_2+2_2+3_2+4_2+5_2+'" 18 d(arccotu)  —1 du 19 d(arcsecu) 1 du
2 1 i i 1 T odx 14ud? dx Todx = 2 9
Toetmtatatat
d(arcesc u) —1 du d(sinhu) du
w2 1 1 1 1 1 20. q = d_ .d—=COShUd—
TTETETE Tt S A " g
d(cosh d(tanh
Partial Fractions 22. d(coshu) = sinhu du 23. dftanh u) = sech’u du
- dx dx dx dx
Let N(x) and D(x) be polynomial d(coth u) , du d(sech u) du
functions of x. 24, —= = —csch“u— 25, ——= = —sechu tanhu —
. dx dx dx dx
We can break down N (x)/D(x) using ,

. . : d(csch u) du d(arcsinh u) 1 du
partial fraction expansion. 26. ———— — —cschu cothu —  27. = i
First, if the degree of N is greater than dx dx dx 14 u2 dx
or equal to the degree of D, divide N by 28 d(arccosh u) 1 du 29 d(arctanh u) 1  du
D, obtaining . ax = T dx y dx =12 dx
M_Q()_i_N'(X) ut =1 ! ¢
DK X D(x) 30. d(arccoth u) _ 1 du 31 d(arcsech u) _ —1 du
where the degree of N’ is less than that dx u? —1 dx dx U1 — 42 dx
of D. 32 d(arceschu) —1 du
Second, factor D(x) ) dx h lu[V1 + u? dx’

Use the following rules: .
For a non-repeated factor: Integrals.

NG AN where l./cudx:c/udx 2./(u+v)dx=/udx+/vdx
(x—a)D(x) x—a D(x) 1 1

_ | N&) 3. /x” dx = XM= —1 a4 / —dx = In|x|

D(x) n+1 X
x=a dx

For a repeated factor: 5. [ e¥dx=¢e* 6. > = arctan x

NG el A NG d i
(x=a)"D(x) k=0 (x—ay™=k * D(x) 7. | uZax =uw — | vdx 8. [ sinxdx = — cosx
where dx dx

ot df N
w5 (50)
X=a

The reasonable man adapts himself to the
world; the unreasonable persists in trying
to adapt the world to himself. Therefore
all progress depends on the unreasonable.

— George Bernard Shaw

9./cosxdx=sinx lO./tanxdx:—In]cosx]
II./cotxdx=ln[cosx| IZ./secxdx=In]secx+tanx|

13. /cscxdx = In|csc x + cot x|

X X
14. /arcsin Zdx = arcsin- 4+ Va2 —x2, a>0
a a




Mathematical formulae and facts

Calculus Cont.

X X X X a
15. /arccos Zdx = arccos- — Va2 —x2, a>0 16. /arctan - dx = xarctan - — 5 In(al2 +x2), a>0
a a a a

17. /sinz(ax) dx = L(ax — sin(ax) cos(ax))  18. /cosz(ax) dx = L(ax + sin(ax) cos(ax))

n—1i

i —1
19. /sec xdx =tanx 20. /csc xdx = —cotx 21. /sm xdx = _n xcosx+n /sin”~2xdx

n n
n—1
os"  'xsinx n—1 _ tan
cos xa/x— - + - /cos” 2 x dx 23./tan”xdx= -

22.

—/tan”_zxdx, n==1

cot™ T x

24.

—/cot”_2xdx, n=1
n—1

tanxsec™'x n—2 n—?
sec xdx = 7 + — sec xdx, n =1
cotxesc™ 'x  n—2

s xdx = — p— + p— /csc”_zxdx, n=1 27./sinhxdx=coshx

25.

26.

28. | coshxdx =sinhx 29. /tanhxdx =In|coshx| 30. /cothxdx = In|sinh x|

34. | cosh? xdx = - S|nh(2x) + X 35. /sechzxdx = tanh x

arcsinh - olx = xarcsmh S—Vx?+43a% a>0

36.

xarccoshg — \/x2 + a2, if arccoshg >0anda>0
37.

arccosh - a/x =

X X
x arccosh g + \/x2 + a2, if arccosh 2 <0anda>0

arctanh - dx—xarctanh + In[a —x2|

d
38. 39./—X=ln(x+\/a2+xz>, a>0
Va2 + x?
2
=—arctan—, a>0 4l1. /\/ — X dx—%\/az—x2+a—arcsini, a>0
a
42. /(a 2)3/2dx——(5a — 2x%)Va? — x2 +—arcsm—, a>0 43.
X 1 X
.| 5——==%=In 45, =
/az_xz 2a /(a _X2)3/2 a?\Va? — x?

d
46./\/&2:1:x20/x=i a2:l:x2:I:—In|x+ \/a2:l:x2| 47./—X=In|x+\/x2—a2|, a>0
2 2 \/XZ_aZ
dx 1 X 2(3bx — 2a)(a + bx)3/2
°/ax2+bx_aln T b 49./x\/a+bxdx—
\/a+bx—\/_

15p2
va —+ bx / 1 / N
0. | — —dx=2vatb ————dx 51. | ——d
/ X ’ Phere xva + bx ) Va + bx = \/_ \/a+bx+\/_
2 2 /—2_ 5
/ Vax X dx = Va2 —x2 —aln a_i_#l 53./x az-dex=—§(a2—X2)3/2

4
54. /x2\/a2 —xZdx = 2(2x" —a’)Va? —x2 + Zarcsin =, a>0
a
a+ Va? —x?
X

40.

31. /sechxdx = arctansinhx  32. /cschxdx =In ltanh El 33. /sinhzxdx = %sinh(Zx) - %x

dx LoX
= arcsin-, a>0
N/ a

a-—+ x

4

H

4

(o]

a>0

5

N

1 X dx >

—= 56. | ——==—Va

/ dx
‘/az_xz a \/a2_x2
2 2
X“ dx
57. —=—%\/a2—x2+%arcsini, a>0
a

Va2 — x2
/22 2 \/52 2 \/v2 — 52
58./%“dx= Va2 +x2 —aln % 59./%dx= \/xz—az—aarccosli—], a>0

1 dx 1
60./x\/><2:l:212dx=—()(2:|:212)3/2 6|./—=—ln
3 xV/x2 + a2 a

55.
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62.

63.

65.

66.

67.

68.

68.

[
/

/

dx 1 a -0
= —arccos — a
xVx% —a%2 a x|
dx Vx? + a? 64 x dx _Viza
x2Vx? £ a2 a?x "] VxTxaz =
Vx 2:I:a (x +a%)*/?2
3a 2 3
1 | 2ax 4+ b — Vb?% — 4ac b2 > 4
n i ac
dx Vb2 — 4ac 2ax + b + Vb?% — 4ac
ax> +bxtc 2 2ax+ b 9
marctan yp— if b* < 4ac

__dx
Vax? 4+ bx + ¢

/ ax? + bx + cdx =

2
2ax+bm+4ax b /

x dx

1
—In|2ax+b+2\/5\/ax2+bx+c| ifa>0
Va

—2ax— b
Vb?% — 4ac

arcsin ifa<O

f
V—a

Vax? + bx + ¢

Vax? 4+ bx + ¢

a /\/ax + bx+c

Difference, shift operators:
DF(x) = f(x+1) = F()i
Ef(x) = f(x+1)
Fundamental Theorem:
f(xX) =AF(x) < > f(x)ox = F(x)+C
IO ED IS0

Differences:
A(cu) =cAu  A(u+v)=Au+ Av
A(uv) = ulv + EvAu
AGE) = nx®~1 A(H) = x=L
A(2) =2 A(X) = (c = 1)
X X
A(m) = (m—1)'
Sums:

> cudx =c > ubx
S(u4v)dx=2>ubx+ > vdx
> ulvéx = uv — > [EvAu &x

Zx35x=Xﬁ S x=tex =H
m4-1
Sebm o 5 (o= ()

Falling Foctorial Powers:

Vax? + bx +c xXB=x(x—=1)-(x—n+1), n>0
— 2\/2\/ax +bx+c+bx+2c WOy e 1 n<O
dx 7 i Fe>0 Gty Gt Inl)’
69. _— = rm XD (x — m)t
xVax? + bx +c L arcsin —bx+2c ifc<O
v—¢ x| Vb? — 4ac Risz'ng Factorial Powers:
1 2 no_ —_
70. /x3* /52 + 22 dx = (§X2 _ EaQ)(X2 + a%)3/? x(x + 1) (x +1n 1), n>0
=1 X'=———— n<O0
0 1 n et . (X—Q"(X—l”l)
T1. /x sin(ax) dx = —oX cos(ax) + S /X cos(ax) dx T Xm(x + m)n
1 .
72. /x” cos(ax) dx = gx” sin(ax) — g /x”_1 sin(ax) dx Conversion:
e X = (1) ()" = (x = n + 1) =
73. NeaX fy — _ n—1 ax 4 1 1—_n
/xe x a a/x e dx Xﬁ=(/—(—>;)-{”_(-)—x)ﬂ=(x+n—1)ﬂ=
I 1 _
74. /x” In(ax) dx = x™*! n@) _ 5 1/(x—1)="2
n-+ 1 (n =+ 1) n—k E
n zk1{}x__zk1{}_1) X
75. /x”(ln ax)™dx = = +1(In ax)™ — T X"(In ax)™ " dx X% = Zk | [ ](k—l)” —kyk
n n n
X = Zk=1 [k]x
x! xt = xi .
x2 = x; =+ xl = xi xI
X = A+ 3E 4 = j— 32 4 x Aus dem Paradies, das Cantor uns
X = A exd 4+ TxE XL =x' —6x° '+ 7x> —x! geschaffen, soll uns niemand vertreiben
x> x> 4 15x% 4 25x3 4 10x2 4 x! =><5 15x* + 25x3 —10x2 + x' kénnen.
X' x' xt = x' — David Hilbert
x2 = x2+xI ><;—x2 x1
Xf = X3 4 3x2 4+ 2% x3 = x3 — 3x2 + 2’ From the po;a;:;ize, thbolrt Cantor lcreortedfor
Xj — X4 + 6X3 + HXZ + 6XI Xi 4 _ 6X3 + ”X2 _ 6XI us, no-one sna; e able to expel us.
x> x> +10x* 4 35x3 4 50x? + 24x' x> = x> — 10x* + 35x> — 50x2+

24!
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Series

Taylor's series centered at a:

x—a)? " = (x—a)! i
69 = £(&) + (= a)f (@) + L)+ = > E 50

i=0
Expansions:
: = 203 5t 4. =S
= =14+x+x“+x +x" + "Z:ox
f _ 2.2, 3.3, . oo _ii
—ex =14 cx+cx"+c’x + —Zi=ocx
] =1+xn+x2”+x3”_|_... =z°° XN
1—x" i=0
- = 2 3 4. S
(I_X)Q =X+ 2x° 4+ 3x° 4+ 4x" + = Zi:o ix
n n klzk 2 3 4 oo .n. i
Zk:o {k} (I—Z)k'H =x+ 2nX + 3nx + 4nX + = Zz:O lnxl
g = LRI S <o X
e —1+x+2x + 27+ _Zi=oi!
In(1 + x) =x— ox* + -x o =52 (~1) i
L ool s 4 et
= =X oAbyt =217
x— 3 LS LT e _iX2i+I
sin x =X = X + X X + _Zi=0( 1) 2
2y L L 6 4o S () 2
cos X = X X o =>7 o
—1 __13 15_17 < _iX2i+1
tan™ ' x =X = 2x" 4 ox -x'+ =2 _o(—1) o
—1 - .
(1 +x)” =14nx+ %Xz + .- — zi=o (Til)xl
! +2\_2 oo i+ i
(1=x)nH =1+(”+1)X+(n2 )X + - =Zi=o (1 l.”)x’
x il i taUa e B
el =l=ptp m ot =25,

1 v — 2 3 oo L 20\ i
2_x(1_ 1= %) =T x4 2x" +5x7 + - —zi=0i+1 i)x
1 =14 2x 4 6x% + 20x3 _ S0 (20)
1—4x =1+ 2x+0ox" + X7+ _zi=0(i)x

n
i 1—v1—4x s 2 o 2
1—4x< 2x > =1+(2+n)x+( 2n)x + =Zz‘=0( lin)xl
L L — E 2 E 3 g 4 T ol i
— In — =x+ >X + P + X + _zi=1 H,x
L Ty’ 12 33 1 4 oo HipX
3 () =X+ ot =3
. =x4x2 4 2x3 +3x* 4 - —S5%® Fxl
1—x—x2 i=0 i
F - )
nX =FnX+F2nX2+F3nX3+... =zl=0 Fnixl-

1= (Fpm P x— (1)

Die ganzen Zahlen hat der liebe Gott gemacht, alles andere ist Menschenwerk.
— Leopold Kronecker

God made the natural numbers; all the rest is the work of man.

Ordinary power series:

A(x) = z ax!
i=0
Exponential power series:
o i
X
Alx) = ZO 8T
=

Dirichlet power series: A(x) = > 2

i=1 jx

Binomial theorem:
n

n
(X +y)n — Z Xn—kyk
k=0 k

Difference of like powers:
n—1

X — yn — (X _y) an——1~kyk
k=0

For ordinary power series: ‘
aA(x) +BB() = 2°,(ca; + Bb)x

xXKA(x) = 22 ax
A(x)—Zﬁ;—1 aixi oo .
_ oo i i
A(cx) = 2. ,Cax
A'(x) = 32+ NaX
xA’(x) = 221 ia;x'
[ARdx = 3 el
= 1
AQG)HA(=X) oo 2i
- 5 = Z,-=o agx”
AG)—A(—) oo 2i41
Summation:
1
1
If b, = Z a; then B(x) = ITA(X)
j=0 X
Convolution:
oo i
A(X)B(X) = Z ( Z ajbl_j > Xl
i=0 \ j=0
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Escher’'s Knot

Expansions:

1 1 oo i
oy i = Zito s = Ha) (X

7 =52 [
(mL)n =>70n o

il

it 27 0By

tan x = 221(_1 a2
L —S>® H()
{09 2ist i
{(x)

oo d(i
) = z ~, X”

where d(n) = Zd|n1
- S(0)

HOCEDIED I

where S(n) = zd|n d

2n—1
2" |Bonl _2n

((2]’1) = WTF , n €N
X _ o0 qyi—1 (4'=2)By®
sinx =2,20(1 (21!

2x i=0 il(n+i)l
1/2 sm -
7

X o 1
e sinXx = . ———X
>

<1—\/1—4x> _ 5o n(2i4n—1)1 ;

1—V1—x z (4i)! 1’

X i=0 161\/_(21)|(21+1)[
arcsin x 2 4’112 2i
( . ) =2 =0 (Hy(2i4)

(2)" =S
(& —1y=32 1! }”"‘

oo (—4)Byix?
X cotx =Zi=0(()2—f)?X
oo |
{(X) = Zi=1 l_X
=) oo 9(D)
£ Zint

Stieltjes Integration

If G is continuous in the interval [a, b] and F is nondecreasing then

b
/ G(x) dF (x)
e>a<ists.

If a < b < cthen i
/ G(x)dF (x) = / G(x) dF (x) + /b G(x) dF (x)

If the integrals involved exist

J2(G)+HE))dF() = [P G(x)dF(x) + [ H(x)dF(x)
[2Ge0d(Fe) +HE) = [2G)dFe) + [CGe)dH(x)
J? ¢ G(x)dF (x) = [P6()d(c - F(x) =c [ Glx)dF(x)
[ G(x)dF (x) = G(b)F(b) — G(a)F () — J F(x) dG(x)

If the integrals involved exist, and F possesses a derivative F' at every
point in [a, b] then

/a G(x) dF (x) = / ’ G(x)F"(x) dx

Cramer’s rule

The Fibonacci numbers

If we have equations:

ayxy +ajoxg +ajpx, =by
a1xy+agoxy +agx, =by
an X + an2X2 + apnXn = bn

Let A = (a;;) and B be the column ma-
trix (b;). Then there is a unique solution iff
detA = 0. Let A; be A with column i re-
placed by B. Then

det A;
5T GetA

The Fibonocci number system: Definitions:
Every integer n has a unique rep- Fo =R =1
resentation FF=F_1+F_,
Fo +F F, Fo= (=17
n=Fg g+t R +/5 - \/_
b= dm i
where k; = ki + 2 for all i,
1<i<mandk, = 2. F; =7(¢ _¢)
The first Fibonacci numbers: Cassini’s identity for i > O:
1,1,2,3,5,8,13,21,34,55,89,... | FF_ —F2 = (—1)
Additive rule: Calculation by matrices:
Ptk = FFpp + Fafy F_o Fo o 1\”
F2n = FnFn+1 +Fn—1Fn Fn—1 Fn = 1 1

Improvement makes strait roads, but the
crooked roads without Improvement, are roads
of Genius.

— William Blake (The Marriage of Heaven
and Hell)

The magic square

00 47 18 76 29 93 85 34 61 52
86 1 57 28 70 39 94 45 02 63
95 80 22 67 38 n 49 56 13 04
59 96 81 33 07 48 72 60 24 15
73 69 90 82 44 17 58 o1 35 26
68 74 09 91 83 55 27 12 46 30
37 08 75 19 92 84 66 23 50 4
14 25 36 40 51 62 03 77 88 99
21 32 43 54 65 06 10 89 97 78
42 53 64 05 16 20 31 98 79 87




